On a smooth algebraic variety over C, we build the tempered subanalytic and Stein tempered subanalytic sites. We construct the sheaf of holomorphic functions tempered at infinity over these sites and study their relations with the sheaf of regular functions, proving in particular that these sheaves are isomorphic on Zariski open subsets. We show that these data allow to define the functors of tempered and Stein tempered analytifications. We study the relations between these two functors and the usual analytification functor. We also obtain algebraization results in the non-proper case and flatness results.
Introduction
The problem of comparing algebraic and complex analytic geometry is a very classical question. This comparaison is carried out by first functorially associating to an algebraic variety an complex analytic space with the help of the analytification functor. Then, one can try to compare the properties of these two spaces. In the case of proper algebraic varieties, this problem has been settle by Serre in his seminal paper [Ser55] and his famous GAGA theorem. In the non-proper case, this theorem does not hold but some comparison results between analytic and algebraic objects have been obtained under some growth condition on the analytic functions. One usually requires the holomorphic functions to be tempered which means that they have polynomial growth with respect to the inverse of the distance to the boundary. A very classical instance of such results is Liouville's theorem asserting that a tempered entire function is a polynomial. Several authors have studied tempered holomorphic functions on affine algebraic varieties (see for instance [Bjö74, Rud67, RW80] ). Our aim, in this paper, is to sheafify the study of tempered holomorphic functions on algebraic variety and to compare the tempered geometry we obtain with algebraic geometry. For that purpose we construct two functors of tempered analytification, study their relations, properties and relate them to the usual analytification functor.
To carry out this idea, we rely upon Kashiwara-Schapira's theory of subanalytic sheaves [KS01] which allows one to define sheaves the sections of which satisfy growth conditions ( [KS01] , [GS16] ). With the help of this theory, we associate to an algebraic variety the tempered subanalytic site, the Stein tempered subanalytic site and the sheaves of rings of tempered holomorphic functions over them. Then, we study the relationship between these sheaves and the sheaf of regular functions. We prove that on a Zariski open subset of X the ring of tempered holomorphic functions is isomorphic to the ring of regular functions. This is a generalization of the aforementioned Liouville's Theorem since it implies that on a Zariski open set a tempered holomorphic function is a regular function.
In the last part of this paper, we discuss the possibility of getting a tempered GAGA theorem in the non-proper case. We construct an exact functor from the category of coherent algebraic sheaves to the category of modules over the sheaf of tempered holomorphic functions on the Stein tempered subanalytic site associated with X. We prove the fully faithfulness of this functor under the assumption of the vanishing of the tempered Dolbeaut cohomology on relatively compact subanalytic pseudo-convex open subset of C n . This vanishing result seems to be known to some specialists.
Sheaves on the subanalytic site
The definitions and results of the subsections 1.1 and 1.3 are due to [KS96, KS01] and we follow closely their presentation. We also refer to [Pre08] , where the operations for subanalytic sheaves are developed without relying on the theory of ind-sheaves.
1.1 Subanalytic topology, tempered functions and distributions: a review (b) The site M sa is the category Op Msa endowed with the Grothendieck topology where a family {U i } i∈I of objects is a covering of U ∈ Op Msa if for every i ∈ I, U i ⊂ U and there exists a finite subset J ⊂ I such that j∈J U j = U.
Let k be a field. The Grothendieck category of sheaves of k-modules on M sa is denoted by Mod(k Msa ). The next result is useful to construct subanalytic sheaves. It is a special case of [KS01, Proposition 6.4.1]. Proposition 1.1.2. A presheaf F on M sa is a sheaf if and only if F (∅) = 0 and for any pair (U 1 , U 2 ) in Op Msa , the sequence
is exact.
The morphism of sites ρ sa induces the following adjoint pair of functors
sa is exact and the functor ρ sa * is fully faithful and left exact. This gives rise to the adjoint pair of functors
The functor Rρ sa * is fully faithful. The functor ρ −1 sa has also a left adjoint, denoted ρ sa ! : Mod(k M ) − → Mod(k Msa ). We refer the reader to [KS01, §6.6] for more details and only recall its construction and main properties. If F ∈ Mod(k M ), ρ sa ! F is defined as the sheafification of the presheaf Op Msa ∋ U → F (U). The functor ρ sa ! is exact, fully faithful and commutes with tensor products.
Subanalytic topology, tempered functions and distributions: a review
The situation is summarized by the following diagram.
sa , ρ sa * ) and (ρ sa ! , ρ −1 sa ) form adjoint pairs of functors. Note that M is not an object of Op Msa unless M is compact. Thus, we define the global section functor as follow. For an object F of D(k Msa ), one sets
It follows from the isomorphism k Msa ≃ ρ sa! k M , the adjunction (ρ sa! , ρ −1 sa ) and formula (1.3) that
(1.4)
Induced topology
Let U ∈ Op Msa . We endow U with the topology induced by M sa , that is, we consider the site U Msa defined as follows (a) the objects of Op U Msa are the open subanalytic subsets of U, no more necessarily relatively compact, (b) a covering of V ∈ Op U Msa is a family {V i } i∈I of objects of Op Msa such that V i ⊂ V and there is a finite subset J ⊂ I with V = j∈J V j .
Note that the natural morphism of sites U Msa : U sa − → U Msa is not an equivalence of sites in general.
Tempered functions and distributions
All along this paper M is a real analytic manifold. We denote by C ∞ M the sheaf of C-valued functions of class C ∞ on M and by Db M the sheaf of Schwartz's distributions on M.
Definition 1.1.3. Let U be an open subset of M and f ∈ C ∞ M (U). The function f has polynomial growth at p ∈ M if f satisfies the following condition: for a local coordinate system (x 1 , . . . , x n ) around p, there exist a sufficiently small compact neighbourhood K of p and a positive integer N such that
Here, dist(x, K \ U) := inf {|y − x| ; y ∈ K \ U}, and we understand that the left-hand side of (1.5) is 0 if K ∩ U = ∅ or K \ U = ∅. We say that f has polynomial growth if it has polynomial growth at any point of M. We say that f is tempered at p if all its derivatives have polynomial growth at p. We say that f is tempered if it is tempered at any point of M. (ii) A holomorphic function which has polynomial growth on a relatively compact open subset U of C n is tempered on U. This follows from the Cauchy formula (see [Siu70, Lemma 3] for a detailed proof).
We recall Lojaciewicz's inequality. Theorem 1.1.5 (Lojaciewicz's inequality [BM88] ). Let M be a real analytic manifold and let K be a subanalytic subset of M. Let f, g : K − → R be subanalytic functions with compact graphs. If f −1 (0) ⊂ g −1 (0), then there exists c, r > 0 such that, for all x ∈ K,
The following metric property of subanalytic subsets of R n is a consequence of the Lojaciewicz's inequality (See the seminal papers by Lojasiewicz [Loj59] and Malgrange [Mal66] ). This result is used to construct the sheaf of tempered smooth functions.
Lemma 1.1.6. Let U and V be two relatively compact subanalytic open subsets of R n . Then, there exist a positive integer N and a constant C > 0 such that
We define the presheaf C
We also consider the presheaf Db Proof. This follows from Lemma 1.1.6 and Proposition 1.1.2.
Q.E.D.
We have the following natural morphisms (see [KS01, p.122 
and isomorphisms
Tempered functions and distributions: complements
In this subsection, we establish some complementary results concerning tempered functions and distributions. All manifolds M 1 , M 2 etc. are real analytic.
Set for short
and denote by p i the i-th projection defined on M ij or on M 123 and by p ij the (i, j) projection.
Recall that if K is a closed subanalytic subset of M 1 , then, a function f : K − → M 2 is subanalytic if its graph Γ f is subanalytic in M 12 . 
We recall the following fact.
Here, dist is the Euclidian distance.
The following Proposition is probably well-known but we have no reference for it. So, we provide it with a proof. Proof. The preimage of a subanalytic set by a real analytic map is subanalytic, thus U is subanalytic in M. Let p ∈ M. In view of Definition 1.1.3 and Remark 1.1.4, we can assume that p ∈ ∂U. There is a coordinates system (y 1 , . . . , y m ) around f (p) as well as a sufficiently small subanalytic compact neighbourhood K ′ of f (p) and a non-negative integer N ′ such that
There is a coordinates system (x 1 , . . . , x m ) around p and a sufficiently small subanalytic compact neighbourhood 
We deduce from the Lojaciewicz's inequality that there exists C, α ∈ R * + such that for every
There is a non-negative integer N ≥ max(αN
Corollary 1.2.4. Let M and N be two real analytic manifolds, let f : M − → N be a real analytic map, let V be a subanalytic open subset of N and set U = f −1 (V ). Let ψ be tempered smooth function on V . Then ψ • f is a tempered smooth function on U.
Finally, there is the following important result concerning Db t M sa . This is essentially a corollary of Lemma 2.5.7 of [KS16] but it has never been stated explicitly and due to its importance we provide a detailed proof.
Consider a morphism of real analytic manifold
Msa is the tensor product of Db t Msa with the sheaf of analytic densities (differential form of higher degree tensorized with the orientation sheaf). Proposition 1.2.5. Consider a morphism of real analytic manifolds f : M − → N and let U ∈ Op Msa and V ∈ Op Nsa . Assume that f induces an isomorphism U ∼ −→ V . Then
Changing our notations, we will prove this formula for U and V .
To prove this statement, we work with indsheaves. This does not cause any problem since subanalytic sheaves form a full subcategory of the category of indsheaves (see Proposition 2.4.3 of [KS16] for more details). We follow the notations of [KS16] for all matters regarding ind-sheaves. We denote by Db 
Tempered holomorphic functions
Remark 1.2.6. It follows from Corollary 1.2.4 that there is a morphism of sheaves of rings
It follows from the commutativity of Diagram (1.11) below
that the isomorphism (1.9) is compatible with the morphism (1.10). This shows that (1.10) induces an isomorphism of sheaves of rings
(1.12)
In this subsection, we construct the sheaf of tempered holomorphic functions. Let X be a complex manifold. We denote by X c the complex conjugate manifold of X and by X R the underlying real analytic manifold. We write X sa for the manifold X R endowed with the subanalytic topology and set
Following [KS01] , we define the following sheaves on X sa .
Xsa is isomorphic to the Dolbeault complex with coefficients in Db t X R on the subanalytic site: 
By [KS96, Theorem 10.5] we have the isomorphism
Note that this morphism is constructed from morphism (1.8).
Proposition 1.3.1. Consider a morphism of complex manifolds f : X − → Y and let U ∈ Op Xsa and V ∈ Op Ysa . Assume that f induces an isomorphism of complex analytic
Proof. We shall use Proposition 1.2.5. Recall first that f | U induces an isomorphism of sites U Xsa ≃ V Ysa and that the morphism of D Xsa -module D Xsa − → D Xsa− →Ysa restricted to U Xsa is an isomorphism. We have the sequence of isomorphisms
) is a sheaf of rings whose multipicative law is given by the multiplication of functions. Isomorphism (1.20) induces an isomorphism of sheaves of rings:
This follows from the isomorphism (1.12).
The following result seems known to some specialists but there is no reference for it in the literature so we do not label it as a theorem. Conjecture 1.3.3. Assume that X = C n and that U is a relatively compact subana-
2 Tempered analytification
T P-spaces
In this subsection, we review the notion of T P-space. This a notion which is intermediate between the notion of topological space and the concept of site and will be better suited to our purpose than the notion of ringed sites. It was introduced in [KS01] and further studied in [EP16] .
Definition 2.1.1. (i) A T P-space (X, T ) is the data of a set X together with a collection of subsets T of X such that (i) ∅ ∈ T , (ii) T is stable by finite unions and finite intersections.
(ii) A morphism of T P-spaces f : (X,
We have thus defined the category of T P-spaces, that we denote by TS. The forgetful functor f or : Top − → TS form the category of topological spaces to the category of T P-spaces admits a left adjoint (·)
Top : TS − → Top which associate to a T -space (X, T ) a topological space (X, T Top ) where
When there is no risk of confusion we will write X Top instead of (X, T Top ). A T P-space defines a presite, the morphisms U − → V being the inclusions. We endow it with the following Grothendieck topology: A family {U i } i∈I of objects of T is a covering of U if for every i ∈ I, U i ⊂ U and there exists a finite subset J ⊂ I such that j∈J U j = U.
We denote this site by X T . A morphism of T P-spaces f : (X,
Notation 2.1.2. If there is no risk of confusion, we will not make the distinction between a T P-space (X, T ) and the associated site X T .
Given a T P-space X and U ∈ T , U is naturally endowed with a structure of T Pspace (U, T U ) by setting T U = {V ⊂ U; V ∈ T }. We denote by U X T the site induced by X T on the presite (U, T U ). Hence, the coverings of U X T are those induced by the coverings in X.
Definition 2.1.3. A site X T (associated with a T P-space) endowed with a sheaf of rings O X is called a ringed T P-space. One defines as usual a morphism of ringed T P-spaces .
The tempered analytification functor
The aim of this subsection is to construct the tempered analytification functor.
Notation 2.2.1. We denote by
• Var (resp. Var sm ) the category of complex algebraic varieties (resp. smooth complex algebraic varieties),
• An C the category of complex analytic spaces,
• TRgS the category of ringed T P-spaces.
• TFS the category whose objects are the pair ((X, T ), F ) where (X, T ) is a T Pspace and
In general, if there is no risk of confusion, we shall not write the functor (·) an . For example, if X is a smooth complex algebraic varieties, then X sa is the subanalytic site associated with X an .
We refer the reader to [SGA1, Exposé XII] for a detailed study of the properties of the analytification functor.
We recall a few classical facts concerning smooth compactifications of algebraic varieties.
(i) It follows from the Nagata's compactification theorem and Hironaka's desingularization theorem that any smooth algebraic variety has a smooth algebraic compactification.
(ii) Compactification is not functorial but let f : X 0 − → X 1 be a morphism of algebraic varieties and j 1 : X 1 − → Y 1 be a compactification of X 1 . Then, there exists a morphismf : Y 0 − → Y 1 where j 0 : X 0 − → Y 0 is a smooth compactification of X 0 such that the following diagram commutes
This is a consequence of the following classical construction. 
(iii) Smooth compactifications are not unique but there is the following consequence of the construction in (ii). Consider two smooth compactifications of X, j 1 : X ֒→ Y 1 and j 2 : X ֒→ Y 2 . Applying (ii) with X 0 = X 1 = X and f = id, we get the following commutative diagram
where Y 0 is a smooth compactification of X, q 1 = p 1 •g, q 2 = p 2 •g. The morphism q 1 (resp. q 2 ) induces an isomorphism q 1 :
Lemma 2.2.2. Let X be a smooth algebraic variety and Y a smooth algebraic compactification of X.
(a) The site X Ysa does not depend on the choice of a smooth algebraic compactification Y of X, Q.E.D.
As a consequence of Lemma 2.2.2 we can state Definition 2.2.3. Let X be a smooth algebraic variety. We define the tempered analytification (t-analytification for short) of X to be the object of TFS, (X tan , O t X tan ) where
We will associate to a morphism of smooth algebraic varieties f : X 0 − → X 1 is tempered f tan analytification. In order to do so, we need the following Lemma.
Lemma 2.2.4. Let f : X 0 − → X 1 be a morphism of smooth algebraic varieties. Let
Proof. There exist smooth algebraic compactifications Y 0 and Y 1 of X 0 and X 1 such that f extends to a regular morphism f :
Let f : X 0 − → X 1 be a morphism of smooth algebraic variety. Using Lemma 2.2.4, we associate to f a morphism of site
Lemma 2.2.5. Let f : X 0 − → X 1 be a morphism of smooth algebraic varieties. Then f induces a canonical morphism in
) by the complexe (1.18) and Corollary 1.2.4, the pullback of differential forms by f provides a morphism
Restricting to X tan and using the adjunction (f −1 ,f * ), we get the desired morphism
Moreover, this morphism does not depend of the choice of a compactification. Q.E.D.
The datum of (f tan , f tan ♯ ) defines a morphism in TFS. If there is no risk of confusion, we write f tan instead of (f tan , f tan ♯ ). Finally, if g : Y 0 − → Y 1 is an other regular morphism, on checks that (g • f ) tan = g tan • f tan and that id tan = id. In view of the preceding construction we can state the following Theorem.
Theorem 2.2.6. The functor (·)
tan :
is well defined and is called the functor of tempered analytification (t-analytification for short). We denote by TAn C its image in TFS.
Remark 2.2.7. In a next paper, we will refine the construction of the functor (·) tan to get a functor valued in the ∞-category of E ∞ ringed spaces through which the usual analytification functor will factor. We prove such a result for the Stein tempered analytification functor in the next section.
The sheaves O t X tan and O X zar
Let (X, O X ) be a smooth algebraic variety. If we want to emphasize that X is endowed with the Zariski topology we write X zar instead of X. We first note that there is a natural morphism of site
We shall study its properties.
Let Y be a smooth algberaic compactification of X. There are natural morphisms of sites that fit into the following commutative diagram.
Lemma 2.3.1. Let X be a smooth algebraic variety and U a Zariski open subset of X. Let f ∈ O X (U). Then, the analytification of f is a tempered holomorphic function.
Proof. Let p ∈ X and V an open affine subset of X containing p, we can further assume that U is affine and since X is an algebraic variety, the open set U ∩ V is again affine. In view of Proposition 1.2.3, we can assume that V is a smooth affine subvariety of A n C . Then f is the restriction to U ∩ V of a rational function P (x)/Q(x) on A n C . It follows immediately from Lojaciewicz's inequality that P (x)/Q(x) is tempered in p when p is a zero of Q.
Using the commutative differential graded algebra (1.18) to represent O t Ysa , the above observations implies that there is a canonical morphism of sheaves of differential graded rings
Restrincting to X zar and using the adjunction (ρ
By adjunction, we get the morphism
Let (X ′ , O X ′ ) be a complex manifold and Z ′ be an anlytic subset of X ′ . We denote by I Z ′ the sheaf of holomorphic functions vanishing on Z ′ and set
Lemma 2.3.2. Let X be a smooth algebraic variety and Z be a closed subset of X. Then,
Proof. Writing I Z an for the defining ideal of Z an in X an , we have that
Moreover by [Har67, Theorem 2.8], on an algebraic variety,
Q.E.D. 
This result is Theorem 5.12 in [KS96] . This implies in particular that the morphism
Ysa is an isomorphism.
Corollary 2.3.4. A tempered holomorphic function on a Zariski open set is regular.
Corollary 2.3.5. Let X and Y be two smooth algebraic varieties and f : X an − → Y an an holomorphic map. Assume that Y is affine and that f induces a morphism of ringed T P-spaces
Then ϕ is the analytification of a regular morphism.
Proof. Since Y is affine, there is an algebraic closed immersion j Y : Y − → A n C . By composition, we get a tempered morphism j Y f : X − → A n C and applying this morphism to the coordinate functions
3 Stein tempered analytification
The subanalytic Stein topology
In view of Conjecture 1.3.3 it is natural to introduce the sas-topology defined below. In all of Section 3, we are not assuming Conjecture 1.3.3 unless explicitely stated.
Definition 3.1.1. Let X be a complex manifold. We denote by X sas the presite for which the open sets are the finite unions of U ∈ Op Xsa with U Stein. We endow X sas with the topology induced by X sa .
We have the natural morphisms of sites 
Note that the functors ρ sas * and ρ sa * commute with Hom and preserve injectives. The last observation implies that Rρ sasa * ≃ Rρ sas * • Rρ sa * . sasa Rρ sasa * − → id is an isomorphism. (b) By definition of ρ sasa , ρ sasa * = ρ sas * ρ sa * . Since ρ sasa * and ρ sa * are fully faithful, the functor ρ sas * is fully faithful. The proof for Rρ sas * is similar. Q.E.D.
We will also need for technical matters a variant of the sas topology. These two topologies have equivalent categories of sheaves.
Definition 3.1.3. We denote by X sat the presite for which the open sets are the U ∈ Op Xsa with U a Stein open subset. We endow X sat with the topology induced by X sa .
We have the natural morphisms of sites
is an equivalence of categories the inverse of which ρ ‡
More generally, the topos associated to X sas and X sat are equivalent. We set
is concentrated in degree 0. To check it, it is enough to prove that any U ∈ Op Xsas admits a finite covering U = i U i with RΓ(U i ; Rρ sas * O t Xsa ) concentrated in degree 0. We may assume U is Stein and we cover U with a finite union of open sets V i , i ∈ I, such that V i ∈ Op Xsa , V i is Stein and V i is contained and relatively compact in a chart φ i :
C n ) and this last complex is concentrated in degree 0. This justifies the notation (3.3).
Let U ∈ Op Xsas . We endow U with the topology induced by X sas and we denote this site by U Xsa . There is a natural morphsim of sites U sas − → U Xsas . In general, this morphism is not an equivalence of site.
Proposition 3.1.5. Consider a morphism of complex manifolds f : X − → Y and let U ∈ Op Xsas and V ∈ Op Ysas . Assume that f induces an isomorphism of complex analytic manifolds f U : U ∼ −→ V . Then, f U induces (a) an isomorphism of sites f U : U Xsas − → V Ysas , given by the functor
(b) I follows from Proposition 1.3.1 and Remark 1.3.2 that we have an isomorphism of rings
Applying the functor ρ V Ysas * to the isomorphism (3.5) and using the below commutative diagram of morphism of sites provides the isomorphism (3.4).
The Stein tempered analytification functor
We keep the notation of Section 2. The aim of this section is to construct the Stein tempered analytification functor. For that purpose, we need the following lemma.
Lemma 3.2.1. Let X be a smooth algebraic variety and Y a smooth algebraic compactification of X. Q.E.D.
As a consequence of Lemma 3.2.1 we can state Definition 3.2.2. Let X be a smooth algebraic variety. The Stein tempered analytification (st-analytification for short) of X is the ringed T P-space (X sta , O t X sta ) where
There is a natural morphism of sites ρ tan sta :
We associate to a morphsim of smooth algebriac varieties f : X 0 − → X 1 its Stein tempered analytification f sta . We first establish the following lemma.
Lemma 3.2.3. Let f : X 0 − → X 1 be a morphism of smooth algebraic varieties. Let
The Zariski open subset X 0 of Y 0 has a finite covering (V i ) 1≤i≤p by Stein subanalytic open subsets of Y 0 (For instance, take the analytification of a finite open affine covering of X 0 ). Let f i be the restriction of f to V i . Then f induces a morphism
Comparison between the different analytification functors
Lemma 3.2.4. Let f : X 0 − → X 1 be a morphism of smooth algebraic varieties. Then f induces a morphism of sheaves
Proof. This follows directly from Lemma 2.2.5. Q.E.D.
The datum of (f an , f sta ♯ ) define a morphism of ringed T P-space. If there is no risk of confusion, we write f sta instead of (f sta , f sta ♯ ). Finally, if g : Y 0 − → Y 1 is an other regular morphism, on checks that (g • f ) sta = g sta • f sta and that id sta = id. The above constructions give rises to the Stein tempered analytification functor.
sta is well defined and is called the functor of Stein tempered analytification (stanalytification for short). We denote by STAn C its image in TRgS Remark 3.2.6. The interest of the st-analytification functor is that it associates to a smooth algebraic variety, a ringed T P-space. The structure sheaf of this space has, under the assumption of Conjecture 1.3.3, the same cohomology that the sheaf of regular functions of the algebraic variety under consideration. This is not the case for the functor associating to a smooth algebraic variety the ringed T P-space (X tan , H 0 (O t X tan )) even under the assumption of Conjecture 1.3.3. Moreover, the st-analytification functor produces a sheaf of rings whereas an enhanced version of the t-analytification functor would produce a sheaf of E ∞ -ring.
A careful examination of the construction of the functor (·) sta shows that the following functor is well defined.
This means that (·) sta = Stn • (·) tan . We now study the relation between the usual analytification functor, t-analytification and st-analytification functors.
Let (X, O X ) be smooth algebraic variety. There is a natural morphism of sites
We associate to the st-analytification (X sta , O t X sta ) of a smooth algebraic variety (X, O X ), the ringed space ((X sta )
is a well defined functor. 
Let X be a smooth algebraic variety and Y be a smooth algebraic compactification of X. There is a canonical morphism of sites
We study the properties of this morphism.
By the results of the subsection 2.3, we have the morphism (2.6). Using that Rρ tz * = Rρ stz * Rρ tan sta * and taking the zero degree cohomology, we obtain the morphism
It is clear that L sta does not depend of the choice of a compactification Y of X. By adjunction, we get the morphism
Corollary 3.4.1. Let X be a smooth algebraic variety, the morphism (3.10) is an isomorphism.
Proof. This is a direct consequence of Theorem 2.3.3
Q.E.D. Proof. Let Z be the complement of W in X. The set Z is an algebraic subset of X and Z = Z ≥2 ∪Z =1 where Z ≥2 is the union of the irreducible components of Z of codimension at least two and Z =1 the union of the irreducible components of codimension exactly one. Let W = X \ Z =1 . By construction U ⊂ W ⊂ W and since W is the complement of a closed subset purely of codimension one in a smooth affine variety W , it is affine. Since X is smooth it follows from Riemann second extension theorem that O Xzar (W ) ≃ O Xzar ( W ). This implies that O Xzar (W ) is Noetherian.
We will need the following result. Lemma 3.4.5. Let X zar be a smooth affine algebraic variety and U ∈ Op X sta be rela-
Proof. It follows from Lemma 3.4.4 that O X an (U) is flat over O X an (X). Thus it is sufficient to prove that O X an (X) is flat over O Xzar (X). Since O Xzar (X) is Noetherian, we just need to show that for every exact sequence
the exact sequence obtained by applying O X an (X) ⊗ O Xzar (X) (·) to the sequence (3.11) is exact. As X is an affine variety the sequence (3.11) is equivalent to an exact sequence of sheaves
This provides us with the following commutative diagram
The bottom line of the diagram is exact since O X an is flat over O Xzar and Γ(X; ·) is exact since X is Stein. Q.E.D.
Lemma 3.4.6. Let X be a smooth affine algebraic variety, let U ∈ Op X sta be a Q.E.D.
For a sheaf F on X zar , that is, F ∈ Mod(C Xzar ), denote by ρ † stz F the inverse image of F in the category of presheaves on X sta . Then for U ∈ Op X sta ,
where W ranges over the family of objects of Op Xzar such that U ⊂ W . The only things that remains to prove in the above claim is that ρ * stz is fully faithful when restricted to Mod coh (O Xzar ). Under the assumption of Conjecture 1.3.3, this follows immediately from remark 3.4.2 and from the fact that any coherent sheaf on a smooth variety admits locally a finite free resolution.
One shall notice that we do not ask X to be proper. Hence, this statement may be considered as a kind of weak Serre GAGA theorem in the non proper case. We would like to conclude this paper by two questions. 
